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Set up

The state space: D C RY

The model: X = (2, (Ft)t>0, (Xt) =0, (P¥)xep,) cadlag, time
homogeneous, conservative Markov process in D

pr(x, A) = PX(X¢ € A), t>0, xeD, Ae B(D).
The problem: Regularity of
Pef(x) =B |F(Xy),

t>0 xeD, feM.
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Option pricing

'PDE methods )

- (X tepo E> E> IEX[f(Xt)]
- f payoff (Probabilistic methods)
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(Probabilistic methods )

Regularity P:f(x)

Analysis of the

convergence rate

E> ]E"[f(Xt)]
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The easier task: regularity in time

Suppose that, for all f € M there exists a function Af such that
t
M! = f(X;) — f(x) —/ Af(Xs)ds
0

Is a true martingale.
Then, if P|Af| < oo for all t € [0, T]

Pef(x) = f(x) + /t Ps Af(x)ds.
0
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Towards the Kolmogorov equation

Pf(x) = f(x) + /O t P.AF(x)ds = f(x) + /0 tAPsf(x)ds

Remark

Without additional regularity assumptions we cannot conclude
that
APtf:PtAf, tZO,fE./\/l
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We want...
.. to deal with

» functions not necessarily bounded
» Markov processes with jumps...

» ....and possibly degenerate, e.g. with degeneracy in the
diffusion coefficient as in stochastic volatility models

A paradigm: The CIR with jumps

t t
X o= x+/ chds—i—/ v/ XsdWs

+ [ [ wer (s, 00 - Sxeas)
+ /O /D (€ — h(&)) JX(ds, dg).
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We need...

. a methodology which does not requires ellipticity or
non-degeneracy assumptions.

Example (A guiding example)

t
0
P X< L
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The advantage

Differentiability in space for X

Differentiability in time for L
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Affine processes on the canonical state space

An affine processes on D = RZ, x R" is a time homogeneous
Markov process

X = (2, (Ft)t>0, (Pt)t>0, (Xt)t>0, (P)xeD, )

satisfying the following properties:

» (stochastic continuity) for every t > 0 and x € D,
lims—¢ ps(x,-) = pe(x, -) weakly,
> (affine property) there exists W : Ry, x U — C9 such that

B |:e<u,Xt):| :/ e{08) pi(x, de) = edEHW(E0) )
D
for all x € D and (t, u) € Ry x U, with

U= {u e C? | e!“* is a bounded function on D} :
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From affine processes to linear processes
Let AP(D) be the space of affine processes with state space D.
Define the map

®: AP(RZ, xR") — AP(RZS!' x R")
X = X°

Input: X with EX [euXt) | = gd(t.u)+(xV(t.u))

Output: X® with B [e<uv><:°>} — (L)Wt u)

Linear structure
There exists a function W : Ry x U — C¥ such that

EX |:e(u,Xt>} _ / e(u,ﬁ)pt(X, dg) — e(W(t,u),X>_
D
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Generalized Riccati equations

On the set @ = R, x U, the function WV satisfies the following
system of generalized Riccati equations:

Generalized Riccati equations
oV(t,u) =RV(t u), VO,u)=u

where for each k=1, ..., d the function Ry has the following
Lévy-Khintchine form

Re(u) = (Br u)+ % (U, oty — g

+/ (€<”’£> — 1 — (T, ﬂJu{k}h($)>) My (d§).
D\{o0}
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L\ntroduct\on
Infinite divisibility in D
Let C the convex cone of continuous function n : U — C,. of type
1
n(u) = (b, u) + 5 (myu, omu)

+ /D\{O} (e<“’£> -1 - <7TJU,7TJh(£)>) v(dg). (%)

Definition

A distribution X on Dy is infinitely divisible if and only if its
Laplace transform takes the form e™(“)—¢, where 1 has the form
(*) and c = log A(D).

pt(x, -) is infinitely divisible in D!
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A representation theorem

Let (D(R>g; Da), (Ft)t=0, (Xt) >0, (P¥)xep, ) be a linear process
on the canonical state space D = Rgo x R,

Proposition
For each fixed t > 0 and x € D, there exists process (Lgt'x))selo,”
such that:

1. LE=0,

2. for every 0 <51 < s <1, the increment Lg'x) — Lgf'x) is

independent of the family (Lgt'x))se[ovsﬂ and it distributed as
X§52—51)X.

Moreover for any fixed t > 0, and x € D there exists a unique
modification L% of LX) which is a Lévy process with cadlag
paths.
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The proof

Apply Kolmogorov's existence Theorem with the convolution
semigroup (p(Sx, -))s>o0-

Chapman-Kolmogorov equations — Semigroup property in
time

Pstt(X,-) = ps - pe(x,-) == [ pe(x, dy)ps(y.-)

Linearity — Convolution property in space

pe(X +y.-) = pe(x, ) * pe(y, )
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The choice of the function space

c ={f € C>(D), such that for all @ € NY3Cq > 0, ey € N |

for all x € D|Baf(x)| < Cal—'ea(x)}

Convergence rate for weak approximation
= Feu(x) = (1+[x|%)

Exponential semimartingale market models
— Fe,(x) = cosh(ey|x|)
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The Result
Theorem
Let f € Cg. Then the function u: Ry x D — R defined by

u(t,x) =EX [f(Xt)} is smooth with all derivatives satisfying the
following property

for all (t,x) € [0, T] x D, |80 xyu(t, x)| < Ka(T)Fe, (),

where Ko(T) is a positive constant depending on the time
horizon T and the order of derivative o and e, > 0.
Moreover it is a classical solution of the PIDE

Oru(t, x) = Au(t, x)
u(0, x) = f(x).
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Dissect the theorem

part 1 t+— Pf(x) is differentiable for all x € D

— iterated Dynkin formula

part 2 x — Pf(x) is differentiable
— do a time-space shift

part 3 (t, x) — P:f(x) is differentiable with controlled
growth.



Regularity Results for Degenerate Kolmogorov Equation of Affine Type
L Regularity results
|—Regularity in time

Outline

Introduction

Affine processes on the canonical state space

Regularity results
Regularity in time



Regularity Results for Degenerate Kolmogorov Equation of Affine Type
LRegularity results
LRegu\arity in time

Regularity in time: the martingale approach

Definition
Given a Markov process X the extended generator is an operator
A with domain D(.A) such that, for any f € D(.A) the process

M! = f(X¢) — f(x) — /tAf(Xs)ds
0

is a local martingale under PX for every x € D.
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Integrability condition
Assumption Ar
Forall i=1,..., d

Lemma

Let X* be an affine process satisfying Ag. Then, for all f € CZ
the process

M! = f(X;) — f(x) — /tAf(Xs)ds
0

Is a true martingale.
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Theorem
Let X* be an affine process satisfying Ar. Then
(i) ACF C Cp,
(it) for any f € C°, P:f solves the Kolmogorov's equation
Oru(t, x) = Au(t, x)
u(0, x) = f(x),

(i) for any f € C° with v € N the following expansion of the
transition semigroup holds:

X 3 £ k
EX[f(x0)| = FO)+> SAF()
k=1 "

tU+1

+— /01(1 _ SV EX [A“Hf(xst)} ds.
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Sketch of the proof |

(i) From It formula one sees that, for all f € C°
JAf(x)| < KF(x).

The bound also holds for all the derivatives.
(i) From martingale property of M’ and (i) one gets (see
[CKRT12])
» differentiability of t — P f
» commutative property AP, = P, A forallt >0
» Kolmogorov equation
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Sketch of the proof Il
(i) by induction on v :
v=20

Ex[f(Xt)] — f(x) + t/olEX [Alf(xst)] ds
v=1
X[ F(X0)| = F(x) + LAF(x) + /0 (t—)E* [A2F(X,)| ds
= Fx) + LAF() + | / PAF(x)ds EAF(x)]

0

— f(x) + /0 t P, Af(x)ds
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Main idea

Prove regularity in space of the function
u(t, x) = B[ £(X,)]
using regularity in time of the function

V(s y) = B[ AL + )|

where L(tX) is the Lévy process representing X
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A brief recap

Theorem

There exists a process (Lgt’x))szo taking values in D such that
1. it has stationary and independent increments,
2. it is stochastically continuous,
3. it holds

E[e@,L?’”)ﬂ _ osV(tu) _ s |:e(u,Xt)]
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Make things rigorous

step 1 Consider the decomposition
X 12 e X s 0 i=1,....d

where X™i is an independent copy of the process X
starting from hx;.

step 2 For fixed (t,x) € Ry, x D, X% has the same
distribution as the distribution of the Lévy process
LX) at time h starting from the initial random
position X € D.

step 3 From linearity in x,

u(t, x + hx;) = EX {v(t'xf)(h, Xt)} _
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lterated Dynkin formula

Proposition

Let L(tX) be the Lévy process representing X*.
For any fixed t > 0 and x € D

E91(y) = E[F(LE +y)

s>0,y eRY, feC® Then

Y <k

X S

QI =y G LENEF £ R, T,
k=0

with R, is bounded uniformly in s € [0, 1].
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With the aid of the new representation

Theorem

Let X* be an affine process satisfying the Ar. Then given a
function f € CZ, Pif is again in Cg° for all t > 0.

Proof:
Pef (x4 hx) = BX [ Q) F(X1)]

aW@@ZWVWWMﬂ

a%u(t, x) = EX [(L(t»q))oa . (E(tvxd))adf(xt)} _
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Higher order derivatives

space derivatives

/]\
a=(ay @)
1
time derivatives
By induction on ag = || — ||
Qg = 1 . B
00 u(t, x) = Adgu(t, x) € CF.
Suppose it holds for ag =1, ..., |a| — [a| — 1

8298 u(t, x) = & (Aago—lafu(t,x))ecg.
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Thank you
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